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LIMIT CURRENTS AND VALUE DISTRIBUTION OF 
HOLOMORPHIC MAPS 

DANIEL BURNS AND NESSIM SIBONY 

Abstract. We construct d-closed and dcP^-closed positive currents associated 
to a holomorphic map (f> via cluster points of normalized weighted truncated 
image currents. They are constructed using analogues of the Ahlfors length- 
area inequality in higher dimensions. Such classes of currents are also referred 
to as Ahlfors currents. We give some applications to equidistribution problems 
in value distribution theory. 

u 

1-C ■ 1. Introduction 

-4— » 

^ ■ 

Let X be a complex manifold of dim.ension fc, and {Y,uj) a compact kahler 

m.anifold of dim m > k. We consider a non-degenerate holomorphic map (j) : X ^ 

Y. We are interested in the distribution of pre-images of subvarieties of Y under 

^ ' <j). When k = m = 1, the theory is very well-developed, see, for example, |15) . In 

-^ ' higher dimensions many questions remain open, but c/., Griffiths |10) . Shabat |18) . 

C^ ■ We first construct some positive d-closed or dd'^-closed currents associated to 0. 

. ' When X = C, Ahlfors's length-area estimate implies that for appropriate subse- 

^—N i quences r„ — s- +cxd the currents 4>^,[Dr„]/cr„ cluster at positive closed currents of 

^^ , bidimension (1,1). Here Dj. is the disk of radius r, [Dj.] is the current of integration 

over this disk, and c,- is a normalizing factor to guarantee mass 1. Such currents 

are useful in dynamics [7], |19) and value distribution theory 16^, for example. 

/\ ' The present paper centers around extensions of Ahlfors' idea to higher dimensions, 

C^ ' especially when X is parabolic, or a bounded domain. 

Let T be a plurisubharmonic (p.s.h.) exhaustion function on X , 

t: X ^ [0,R),R> 0, 

where R could be finite. Recall that a manifold X is parabolic if it admits a p.s.h. 
exhaustion function r with R ~ +oo, and such that {dd'^r)^ vanishes outside a 
compact set. An example is A = C*"', r = log ||z|| outside a compact set. Riemann 
surfaces are parabolic if and only if they do not admit non-constant, bounded, 
subharmonic functions. 
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2 DANIEL BURNS AND NESSIM SIBONY 

We consider positive currents Sr — Sj^r of bidimension (j, j) on Y defined by 
(f.l) < 5^,^ >= — / Ur {dd^rf-^ A 0*(</j) 

Cr J X 

where (/J is a test form of bidegree {j,j), and where we may take Ur = {1 — -)^, a 
plm'isuperharmonic function on B^. '■— {z £ X \ t{z) < r} for aU r. The constant 
Cj, — fy Ur{dd^T)^^^ (f)*{uj^) is a normahzing constant to have Sr/cr of mass 1. When 
X is parabohc of dimension k, for example, we show that for j = 1, the currents 
Sri Cr have at least one positive d-closed current among their cluster points. 

Definition 1.1. Define the unaveraged characteristic function 

(1.2) tjir)= f (dd'^r)''-^ A(t>*iuj^). 

J Br 

The averaged characteristic function, or simply characteristic function, Tj{r) is 
defined as 

(1.3) T,{r) ^ f -t,{s)ds. 

These characteristic functions are modeled on those of Nevannlina and later, in 
higher dimensions, of Chern, for example [4]. 

Define the d-mass ratio Ij{r) of degree j as follows: 



(1-4) /,(r) 



{Iotj-iis)ds) -tjir) 



Sec (|2.8p and (|2.1ip for the origin and derivation of (|1.4p . 

We show, for arbitrary p.s.h. exhaustion r, that if liTan^+oo Ijire) = 0, then 
all cluster points of the currents S^^lcr^ of bidimension (j, j) are positive closed 
currents, cf. Theorem 12.21 

The question of the existence of closed currents for images of C*^ has been ex- 
plored recently by de Thelin [5], where limit currents similar to those described 
above are called Ahlfors currents. The difference between ^ and here is that we 
weight the integral in the definition of Sr with the factor Ur, which is smoother 
than the characteristic function of Br used in [5] . The condition guaranteeing the 
existence of closed limit currents seems more tractable than that of [5] since it in- 
volves only the relative growth of tj and tj-i, and not their derivatives, although 
cf. Theorem 2 of [5] on this point, and compare it to Theorem 17.21 below. Note 
that Theorem 17.21 produces dd'^-closed currents. Only the maximal dimensional 
case j = fc, i.e., Sr of bidimension {k,k) is examined in [5], and only the case of 
d-closed limits. It turns out that for questions of value distribution, it can often be 
just as useful to find cluster points which are dd'^-closed, a situation to which we 
turn next. 
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Assume t = logcr, and redefine Br — {a < r}, and the current Sr = Sj^r of 
bidimension {j,j) in tlie dd'^-case as 



(1.5) SrW = / log+ - {dd-T)''-^ A rii^) 



r 



for ip of bidegree {j,j), witlr normalizing constant Cr = Sr{uj-')- 
Define the dd'^-mass ratio Jj{r) of degree j by 

(L6) J,ir) ^ tlM, 

where the denominator is the classical characteristic function (jl.3p . Our main result 
is Theorem 13.21 which gives the following result. 

Main Theorem Vi.2\ If JjirA -^ 0, then all cluster points of Srjcj.^ are dd'^-closed. 
Moreover, {dd'^Sn/cm^p) — > when ^ is a hounded form. 

In particular, we find conditions which ensure that there is a dd'^-closed current 
associated with a holomorphic map (j) : B'^(l) -^ Y, with B''(l) the unit ball in C'^. 
A consequence of these conditions is the following Brody type result. 

Theorem 14.21 Let (pn '■ B'^(l) -^ Y be a sequence of holomorphic maps. Then 
either the graphs of the 4>n form a normal family of analytic sets, or there is a j,l < 
j < k, and sequences ri -^ R^,ni — > cx) such that Sj^rjcj,ri = S'^,, ,j,rjcn(,j,ri 
converges to a dd'^-closed current. 

These results lead to several consequences in value distribution theory, and we 
record just one here, describing the value distribution of points. 

Theorem 15.21 Let : C — > P he a non- degenerate holomorphic map. Assume 
that 

(1.7) liminf!^ = 0. 

r^+oo lf.{r) 

Then there exists a "small" exceptional set £ such that for a ^ £ , then 

, X , Nia.r) 

(1.8) limsup-^ = +l. 

In particular, the (2n-2+5 )- dimensional Haus dor ff measure of £ is 0, for any 5 > 0. 

Here N{a, r) is the classical logarithmic average of the number of preimages of 
a in the r-ball of radius r (c./. (|5.16p ). and Tk{r) — C tk{s) ^, the appropriate 
characteristic function for this dimension. The smallness of £ is measured by a 
capacity, for which £ is of capacity 0. In fact, we get for every codimension j an 
exceptional set £j of "zero j-capacity" such that outside of £j one has defect zero, 
in the sense of a dimension-appropriate case of a result similar to ()1.8p . provided 
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that the appropriate Jj{r) has hminf Jj(r) — 0. It seems that in previous work 
(see Shabat [18], GrifRths-King [H]), the claim is that "most" points are covered 
without a quantitative measure of the size of the defect locus. For analytic sets 
there are earlier results in this direction for the average growth of a hyperplane 
section, see Gruman [13], Molzon-Shiffman-Sibony [17 . 

Theorem 15.21 and other results in section[5]are sharper than stated here, since we 
give estimates for the rates of convergence. For these the second half of Theorem l3.2l 
is crucial, and gives a formulation of the proximity term in the First Main Theorem 
of value distribution in our context, and an estimation in terms of mass ratios. 

Here is an outline of the paper. In section[5]we estimate {dSr, ip) /cr, and arrive 
at the d-mass ratios of degree j as a useful bound. The rest of the section is devoted 
to estimating these mass ratios in concrete cases. The situation is especially clear 
when the domain X oi (f) is parabolic, and when X is furthermore of dimension one, 
our results are complete. 

Section [3] is very analogous to section O but for dd'^-closed cluster currents. Of 
particular interest is the precise estimate in THeorem 13.21 



valid for all bounded test forms ip of bidegree (j, j) , which is central in much of what 
follows, especially in section [S] The section closes with a theorem on the positivity 
of intersection of the cluster currents constructed in bidimension (1,1) with analytic 
hypersurfaces which meet the image of (f) non-trivially. This generalizes a result of 
McQuillan's for X = C or a finite branched cover of C. Section U] studies the effect 
of scaling on the estimates we use on dd'^Sr- In particular, because we can estimate 
dd'^Sj^r for all 

intermediate j, and not just j — k, we arrive at a "multichotomy" : either one of 
the j,^ < j < k gives rise to a positive, dd'^-closed limit current of Sj^r/cj^r or we 
get an estimate on the volume of the graph of 0. This follows from the inductive 
structure of the various dof^-mass ratios, and their relation to the mixed volumes 
calculation of the volumes of graphs va X xY . The Brody-type result described 
above follows. Section[5]deals with the value distribution applications, and includes 
one corollary about the behavior of leaves of singular holomorphic foliations of P"*. 
Section [6] examines the size of the set of limit currents constructed here using results 
in complex dynamics. The result is a kind of higher dimensional equidistribution 
according as a limit current is unique. The final section [7] relates the mass ratio 
conditions which this article is based on to a couple of examples of classical order 
of growth conditions, such as finite order, on maps (f>. 
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Remark 1.2. In what follows, we will have considerable flexibility in how we con- 
struct the limit currents. There are at least two forms of growth measurements one 
might use, depending on whether one uses averaged or unaveraged characteristic 
functions. The averaged functions arise when one averages out the currents Sr via 

Jo s Jb, 

for test forms i/j of bidegree {j,j), where the only difference between the d-case 
and the dd'^-case is in the choice of Ur as above. In practice, there are only minor 
technical differences in these cases, and we content ourselves with mentioning the 
averaged currents here and in remark 13.71 below. The differences in arguments 
between the d-closed limits and the dd'^-closed limits are more substantial, and we 
carry out more or less parallel arguments in these two cases in sections [2] and |3l 
respectively. The dd'^ case requires a regularization of Ur- 

2. First limits: d-CLOSED currents 

Let X be a complex manifold of dimension fc, and {Y,uj) a compact Kahler 
manifold of dimension m > k. We assume X,Y conected. Let (f) : X ^ Y he a. 
non-degenerate holomorphic map, i.e., the rank oid(j){xa) — k aX some xq ^ X. Let 
r : X — > [0,i?),0 < R < +cxd be a smooth plurisubharmonic exhaustion function. 
Set Br = {x I t{x) < r}, which is compact for r < R. For convenience, we will 
usually assume that 

(2.1) r > ro > 0. 

Let Ur be a family of continuous positive plurisuperharmonic functions on Br, 
r E [0,R). We consider the family of positive currents of bidimension {j,j) on Y 
defined by 

(2.2) Sr{^)^Sj^r{ip)^ [ Uridd^rf-^ A<l)*{ii^), 

where "0 is a smooth test form of bidegree (j, j) on Y, and set Cr = Cj^r = Sj,r{^-'). 
We will study the cluster points of the family of normalized positive currents 
Sr{-)/cr of mass 1. Different choices of Ur will prove useful in what follows. In 
this section we consider cases where the proper choice of Ur, and suitable condi- 
tions on (j),T,Lo, lead to d-closed currents as cluster points of the normalized S'^'s. 
In particular, we will work mainly in this section with Ur := (1 — -)'^ — xi''^r), 
where Wj. = 1 — -, and x = niax(i,0). We want to find conditions which guarantee 
that dSr^/cr^ — )> 0, for suitable sequences ri — > R. For this it is enough to estimate 
dSr on test forms of the type ip — 6 A (3''~^, with 6 a (l,0)-form and /? an arbitrary 
kahler form. This is because we can first assume ip has components only in bidegrees 
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(j, J — 1) and (j — l,j), and is real, and because secondly any such '0 can can be 
written as a finite sum (with an a priori bounded number of terms), 

N N 

(2.3) ^ = ^0,A/3r'+E^-^'^^"'' 

where 9^ , /3,^ are as claimed. We note that this can be done in such a way that 

^e,A9,<C\\yj\\l,uj, and 
(2.4) 

</3^ < w,iy = f,...,iV. 

By the Schwarz inequality, we get 

X'{vr) dvr A {dd^rf-^ A 4>*{e) A 0*(/3^'"i) 



|(d5.,V)| 



X 



(2.5) 



< ( / x'{vr),dvr A rf"w^ A {dd^rf-^ A 0*(/3^'"^) 



It follows that 

\{dSr.^)\< C 
(2.6) 



X / x'K)</>*(6') A 0*(6I) A (dd'^T)'^-^ A 4>*{li^-^) 



loo 1 / dvr hd^'vr hidd^r)^ ^ h(j)*{uj^~^) 

iBr- 



X / (ddV)''-^ A0*(w^) 



Hence, one has 



(2.7) 



{d.Sr.,1p) 



< c\ 



I oo 



(JsUtidd-rr-:>A.r{^h)^ ■ 



Remark 2.1. With small technical modifications, we can allow X to be a singular 
analytic space. 

We formalize this condition. First set Ij (r) equal to (the essential part of) the 
right hand side of (|2.7I) . that is, 

(/b, dvr A d'^vr A {dd^rf-^ A (l)*{Lo^-^)){^^^{dd''Tf-^ A 0*(w^)) 



(2.8) Ij{r) 



Ub ^r (dd'^T)''-^ A (t)*iio^)y 



We have proved the following basic theorem. 

Theorem 2.2. // the exists a sequence rg -^ oo such that Ij{ri) — J> 0, then any 
limit current of Sr^/cr^ is a closed and positive current of mass 1. Moreover, 
limrj_i.oo — {dSre, ip) — 0, for any bounded test form ip of degree 2j — 1. 
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We are thus led to study the ratios I{r) = Ij{r) of (|2.8p . Let us mtroduce 
characteristic functions appropriate to all dimensions as in (|1.2p and (|1.3|) above. 
Similar notions have been used in the holomorphic dynamics literature under the 
name of dynamical degrees: when / is a meromorphic self-map of a compact Kahler 
manifold Y of dimension fc, then the j-th dynamical degree Xj is defined as 

(2.9) A,:- hm { f co'-^ A {m^'))'^'". 

see, for example, [7] for references. 

Definition 2.3. For < j < fc, set tj{r) = /g {dd^rf-^ A (/)*(a;^). 

We express the components of the Ij{tys in terms of these tj's. We write out the 

case oi j = k only; the others are similar. First 

(2.10) 

1 

'^ \-JdB,. JB 

1 

''" \ JBr- JB. 

1 

r- JB. 

If,. T 



dVrhd''Vrh(j)*{LO^-^) = — [ I T d'^T A <j>* {w''-^) - j T dd^T A (j)* {uj^-^) 



^^rj dd''TA(l)*{uj^-^)^ I Tdd'^T A(j)*{uj^-^) 



2 , {r-T)dd''TAcj)*{u^-^) 



{l--)dd''TA(j)*{uj''-^) 

(/ ds)d#TA0*(a;'=-i) 

Br Ja 

1 /■! r 

dd''TA(j)*{uj^-^) 

Br{l-s) 

\ f ds f dd''TA(j)*{uj^-^) 



1 r 

— / tk-i{s) ds 
^ Jo 



Similarly, 



Ur(j)*{u^) = - f ds j <i)*[LO^) = - / tk{s)ds. 



I Br r Jo Jb^ r Jo 

Thus we can re-express I{r) as 

(2.11) /(.) = ^Io^'pf)^^lf\ 

(Jo tk{s)dsy 

With (j2.1ip in hand, we can express relatively natural conditions on the growth or 
decay of ratios of volumes, similar in spirit to the original Ahlfors conditions, which 
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guarantee that I{ri) — > along some suitable sequences ri — >■ cxd. For convenience, 
set Cr/, — ci below. 

Theorem 2.4. Let (f>,X,Y,T be as above. 

1. Assume R = cxd, and that 

(2.12) linrJ^iM-=o. 

Jo tA-vds 

Then there is a sequence r^ — > oo such that Sn/ci converges to a positive closed 
current. Moreover, (dSn/ci^ip) — > 0, for any bounded test form ip. 

2. Assume R — cxi, and let a — a{s) be a continuous function such that L -^ — 

00. Assume further that 

/oiq^ r ■ f aiJo tjjs) ds)-Jgt J ^i{s)ds 

'■"'' '"'"'" oT^S^w ^"^ 

Then there is a sequence r^ — > oo such that Sr^/ci converges to a positive closed 
current. Moreover, {dSri/ci,^p) — > 0, for any bounded test form ip. 

3. Assume R < cx), and that 

r" dr 

(2.14) / ^oo. 

Then there is a sequence r^ — )> oo such that Sn/cg converges to a positive closed 
current. Moreover, (dSn/cijip) — > 0, for any bounded test form ip. 

Proof. We write out the case j = k; the others proceed similarly. For notational 
simplicity, set A{r) — J^ ife(s) ds. We see that /(r) > c is equivalent tco 

A'(r) r 

(2.15) "-A^^ I ^^-i(^)'^^- 

We show that ()2.15p contradicts, in turn, each of the three hypotheses in the state- 
ment of Theorem 12.41 The final comments about convergence for bounded test 
forms follow directly from (|2.7p and (|2.1ip . 

1. We integrate (|2.15p from 1 to r and get 



(2.16) 



c(r-l) < [-^J^t,^,is)ds\^+j-'-^ds 
< ir-^ds + 0{l), 



i?>> 



on suitable sequences oi r ^ R. If lim \l'^) — 0, we get a contradiction for some 



One might have to assume r > some ri to guarantee A{r) ^ in the arguments below. We 
will assume, WLOG, that ri = 0. 



LIMIT CURRENTS 



2. Recall that since A is increasing, then A'{r) < a{A{r)) outside a set E of finite 
length. If £■ = {r I A'{r) > a{A{r))}, one has 



f A' f°° 1 

measure(_E) < / , ,, dr < , , du < 

^ ' - Je a{A) - Jo a{u) 



oo. 



From (I2.15P we get that on the complement of E 

a{A) 



c< 



A2 



ifc_i(s)ds, 



which is a contradiction. 

3. If c < ^ Jq ifc-i(s) ds, with r > i?o, then 



Jq tk-ids 



•r j^ 

< I -^ds 



A^ 



< 



A{Ro) 



< oo, 



which leads again to a contradiction and proves 3. 



D 



We examine next another case where we can analyze the condition I{re) -^ 
by manipulation of ratios of volume growth. We start from the simple observation 
that (|2.15p is equivalent to 



(2.17) 



1 A' 



> 



A 



i-s 



Integrating (|2.17p on [r^ , r] , one gets 



for any 6 > 0. 



(2.18) 



A- 



ro 



CO Jro jg tfe_i(s)ds 



We conclude that 



(2.19) 



In particular, if 



-A-\ro) > 6 



\1-S 



it) 



ro Jq tk^i{s)ds 



dt, for any S > 0. 



' ijQtk{s)ds) 



l-S 



■ dt = +0O, 



(2.20) sup 6 / — — — dt= sup , J 

i5>0,r<_R Jro /gtfe_i(s)(is 5>0,r<R J ro Jf^tk-l{s) ds 

then inequality (|2.19p fails for some (5 > 0, r G (0, i?). Since c > was arbitrary, we 
obtain the following corollary of Theorem 12.21 



Corollary 2.5. // 112. 20\) holds, then there are closed, positive currents S among the 
cluster points of Sr/cr- 



Focusing next on the case 6 — 1 in (|2.19p . if 



JRn 



Ro Jq tk-l{s)ds 



dt — +00, 
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then we can apply corollary 12.51 If furthermore k = 1, this last becomes 

(2.21) / — dt = +oo, 

Jrq /o h[s)ds 

a condition which is interesting since it is independent of (p. Note that this condition 
can also be used for j ~ \ and arbitrary k to construct closed limit currents of 
bidimension (1, 1). Therefore, as a special case, we have the following corollary. 

Corollary 2.6. If diva X — k, R — oo and t is a parabolic exhaustion of X , then (p 
admits closed positive limit currents of bidimension (1, 1) as limit points ofSi^r/ci^r, 
for any Y, cj) and u. 

Proof. If r is a parabolic exhaustion, i.e., [dd'^r)*' = 0, for t > some tq, then 

to(r)= f {dd-rf 
Jo 



{dd^rf + / [dd^rY 

{ro<T<r} JBrg 

for r > To >> 0. In particular, J^ ^t . '^/ -, , diverges logarithmically, verifying 
condition ([23T|) . D 



Examining the proof of corollary 12.61 shows the conclusions to hold whenever 
(12.211) is verified, and the corollary lets one interperet (I2.2ip as a weak form of 
parabolicity for the pair X, r, since it is independent of (j)^ Y, uj. Along the same lines, 
suppose that the denominator J^ tfc_i(s) ds of the integrand of (|2.20p is bounded, 
but that A{r) is unbounded (as in the parabolic case), then for 6 £ (0,1), (|2.19p 
gives 

(2.22) -A-\ro) > S / ^-^— dt > c' A^-\t) dt, 



C .,y.„ ig Lk^i\»)u» Jra 



'to Jo tk-i{s)ds 

a contradiction, if f A^~ dt is unbounded. 

The same considerations apply to a bounded situation as follows. Let </)„ : A — > 
y be a sequence of maps from the unit disk to Y. 

Proposition 2.7. Let 0„ be a sequence of maps from A to Y. Assume that An^s '■— 
L ( J„ 0*(aj)) ds,0 < r,6 < 1, is unbounded. Then there is a positive, d-closed 
current of bidimension (1,1) among the cluster currents of Si,r^n/ci^n,r- 

The situation for X of dimension fc = 1 and R = oo divides very neatly by 
corollarv 12.61 into two cases, according as J-^ (j)*uj < +00 or J-^ (J3*ijj = +00. 
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Corollary 2.8. In corollarv \2.(A if Jx 'P*^ is finite, then the currents Sr/cr converge 
weakly to the current S{ip) := J^ 4>*{v)/ Jx 4>*^- 

Proof. Write S'r(w) as 



Br Jx Jx 

where linir^+oo Jxixi'^r) — l)</'*w = 0, by dominated convergence. The same ob- 
servation apphed to Sri^p) gives the corollary. D 

Notice, however, that J^ (j>*^ unbounded does not imply the existence of a pos- 
itive closed cluster current if X is not parabolic. For example, a generic (singular) 
holomorphic foliation J^ of P^ does not have a directed positive closed current even 
though all leaves of J' have infinite area. See [9] for details. 

Recall that a Riemann surface is parabolic if there is no non-constant bounded 
subharmonic function on it, equivalently, if it does not admit a Green's function. 
([I], p. 204). Thus, in the case of the generic foliation T of P^, for example, 
the non-existence of directed positive closed currents implies by Corollarv 12.61 that 
all leaves must admit non-trivial bounded subharmonic functions and must admit 
Green's functions. 

Remark 2.9. In the situation of corollarv 12.81 when X is an open Riemann surface 
with a parabolic exhaustion function in the sense of Stoll [20], that is, when the 
exhaution logr is harmonic and has no critical points outside a compact set, then 
X can be compactified to X by adding a finite number of points at infinity, and 
if the area of 4>{X) is finite, the mapping can be extended across these finitely 
many points. It suffices to observe that the graph of cj) has finite area, and hence 
Bishop's extension theorem ,2j says that its closure is an analytic set. In this case 
the current S of corollarv l2.8l is given by integrating over the image (/)(X), counting 
multiplicities. 

Corollary 2.10. In corollarv \2.(A if Jx 't'*^ ~ o^i then the support of S is contained 
in the intersection nr>ro4'i^ \ Br)- 

Proof. Fix any ri > ro, and write, for r > ri. 



Srii}) = / x{Vr)(l)*1p 
I Br 



(2.23) = / X(^'t)0*'0+ / x(wt)</'*'0 



= 0(1)+/ xMr^P 

JBr\Br, 
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If /y (t>*{(^) = oo, this last shows that any cluster point of Sr{-)/Sr{^) is supported 
in 0(X \ Bri)- Since ri was arbitrary, the result follows. D 

Remark 2.11. We can localize these arguments in dimension 1 as follows. Let 
^p = {^ G C I < |z| < p}. Replace X above by the punctured disk A* = A^ 
and take vt — ^ log -rpp- , which is a parabolic exhaustion. Applying the arguments 
above directly to a holomorphic map (f> : A* -^ Y , we arrive at the dichotomy: for 
p G (0, 1), either J. , 0*w < +oo, and has a meroniorphic extension across € A, 

or J. , (/)*tj = +CX) and there is a closed, positive current S on Y with support 



contained in npg(o,i)(^(A*). If dimy = 1, this implies, in particular, the classical 
Casorati-Weierstrass theorem, but is sharper, since the identification of the limit 
current in the equidimensional case with - \Y] gives a result on the equidistribution 
of values. 

To be more precise about the last remark, make a definition. 

Definition 2.12. A point p G 1" is a 0-density point if for every (5 > there is a 
constant k^ > such that 

(2.24) hminf ^""^J '^^ , > k,. 

A point p E Y is Si 0-density point if and only if it is in the support of a 
cluster current of the family Sr/cr- The case j — k — m oi Theorem 12.21 then has 
the conclusion that every p E Y is a 0- limit point, which adds some quantitative 
refinement to the mere density of 4'{X). 

It is natural in the present context to consider the closed set of all the positive 
closed currents which arise by the construction above. 

Definition 2.13. Let Cj{(f)) denote the space of all positive closed currents of bidi- 
mcnsion (j, j) on Y which are cluster points of currents of the form Sj^r/cj,r asso- 
ciated to <j). 

In Section [6] below we consider one case where Cj is shown to consist of one 
element using results from complex dynamics. 

Remark 2.14. In principle, of course, functional manipulations of (J2.15I) other than 
(|2.17p and following can be made which might lead to interesting conditions on (p for 
producing closed positive currents among the limit points of Sr/cr- Other simple 
forms of Ur as at the top of this section, or in remark 12.111 above, are useful for 
producing other kinds of limit currents. In section [3] below we consider mainly the 
case of dd'^-closed limit currents, but also one case of d-closed currents, in Theorem 
[331 
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3. Limit currents which are dd'^-CLOSED 

In this section we take weighting functions much as in section [2] above, but 
which lead to dd'^-closed currents of bidimension (j, j),l < J < fc = dimX. In 
many cases these can be as useful as the closed currents of section [2] above, and in 
the equidimensional case j = k = ni = diml", they are equivalent. 

Assume now that log cr is a plurisubharmonic exhaustion of X, set Vr — log -,Ur — 
x{vr) = log^ -, where x = max(f, 0). As in (|1.5p we set 

(3.1) SrW= f Ur{dd''\ogaf~^(l)*{i}), 

where ip is a test (j,j)-form on Y and Br ;= {cr < r}, and define the dd'^-mass 
ration Jj{r) by 

C^iO] J (r) — -^^ ^ ' 

^ ' '^'' Jg^Ur{dd-loga)''~i A(j)*{iu^) ' 

Definition 3.1. We say that 4>,c7,uj satisfy condition dd'^-MR if 

(3.3) lim inf Jj(r) =0. 

As in (|1.2p . call the numerator in (13. 2p tj_i(r) and the denominator Tj{r). Thus 
Tj{r) ^Cj^r = fg^log^ ^ {dd^logcrf-i A0*(w'=) = f^ ^tj{s)ds, as in ([O]), and so 
things simplify to: 

(3.4) Mr) = tlM^ 

Theorem 3.2. Suppose 4>, a, w, r satisfy condition dd'^-MR, and Y is a compact kdhler 
manifold. Then any cluster point Sao of Sr/cr is a positive dd'' -closed current 



supported on (j){X). Furthermore, 

(3.5) —\{dd''Sr,^j)\<C 



-\{dd^Sr,^}\<C\mJ-^-^, 

Cr J-jV) 



for any bounded test form ip of bidegree {j — l,j — I), where the constant C > is 
independent ofr^ijj^cj). 

Proof. We would like to get estimates on — {dd'^Sr,ip). To do so, we will first 
smooth out the function x- For r > 0, let Vr — log-, and for each 6 > 0, let 
us^r — Xs{vr), where xs is a convex, increasing function which is = 0, on (— oo,0), 
and x"{s) — |x[o,<5]; where X[o,i5] is the characteristic function of [0,6], and d will 
tend to later. We write the proof out only in the case j — k, the others being 
completely similar. We set Ck,r — Cr, and suppress the index S on xs for the 
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moment. 

- {dd-Sr.p) = - I dd^xM) A r (V') 



— / {x'Mdd^Vr A(l)*{ip) +x"{vr)dvr Ad^Vr) A(l)*{ip) 

Cr Jx 



(^■^^ -- / -x'K)rfrf'logaAr(V') 



Cr Jx 

H / x"{vr)d\og(T Ad^loga A4>*{ip) 

Cr Jx 

= Il+ h. 

Looking first at Ji, we remark that there is a constant C > 0, independent of 
V^,;/) such that |0*(^A)| < CUV'lloo </'*(w''"^)- Since < x' < 1, we get 

(3.7) |/i|<C||VlU- / dd^logaA0*(^'=-i)=C"^'-" ^""'^''^ 



Cr J Br Tu[r) 

Passing to J2, we see 

(3.8) 

Tfe(r) 1/2 1 = \ \j^^^^^^^,^d\ogaAd'^\ogaArm 

< ^^/{,<,<,,+,jdlogaAd-logaA0*(c.fc-i) 

= ^^ /{r<a<r+5} M(log 'T d= log a) - log (7 dd^ log a] A (/.* (c.'^-i) 

= M^[log(r + ,5) tk-i{r + 5)- logr ffe_i(r)] 

-^^/{r<.<r+5}log^^'^'logaA0*(^'=-i) 

We next examine the right hand term in the last line more closely: 

(3.9) f logadd^logaA^i^^'^)^ '^og{r + a)[tk-i{r + S)-tk-i{r)], 

J {r<a<r+S} 

for some a £ (0, d), by the mean value theorem. Hence, resuming from (j3.8|) we get 

Tk{r)l2 < ^^[\og{r + S)tk-i{r + d)-logrtk-i{r)] 

_£m^[logr{tk-iir + S)- tfc-i(r))] 
(3.10) 

< ^MU[iog(i + ^)f,_i(r + <5)] 

< CU\\oo^tk-i{r + 6), 
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where we have used logr < log(r + a) in the first Une, and log(l + y) < 2/, J/ > 0, in 
the last step. Since S > was arbitrary, we conclude 

(3.11) ^,,^<icm^^^, 

Together, (PTT)) and (PUJ) show 

(3.12) l\(dd^Sr,^)\<C'\mJ4-^. 

Cr J-k(r) 

Applying this inequality gives the proof of the theorem. D 

Before going on to analyze the dd'^-mass ratios Jj{r), let us remark that one can 
also construct some d-closed cluster currents using the weight Ur = log^ ^ . 

Theorem 3.3. Suppose 

(3.13) ,„„f,„j.t|Mi.o. 

Then there exist positive d-closed cluster currents of mass 1 for Sj^r/cj^r- Note that 
we use Ur = log — for the definition of the S. 






Proof. We will just write out the case j = k. It suffices to estimate {dSr,ip) with 

tp = A Z?*"'"^, as in (|2.3p . where is a (1, 0)-form and (3 an arbitrary Kahler form, 

with bounds as in (|2.4p . Then we have to estimate {BSr, A P''~^'). As in the proof 

of (P?7)) . we get 

1 
M(dSr,eAp''-^)\ < ifL dlogcrAd'=logCTA(/)*(/3'=-i)V 



{lB.rw''-')^OAd) 



The second term on the right is bounded by C||V'||ooifc(?') ^ ■ Squaring, we get 
1 



^\{dSr,e A fl''-^) \^ < C^^^^tkir) I rflogaAd^logaA<^*(/3'=-i) 






Br 



^C^^^^tkir) f {d{log ad' log a) ~ log add' log a) A r{/3''~^) 
We have assumed for convenience that log a > 0, so this last becomes 

^|(d^,.,eA/3''^-i)|2 < C^\^tk{r)jQ^Jogad'logaArW''-') 

(3.15) = C^^$^tk{r)logrJ^^dd'logaAr{f3''-') 

= C^^Wlologr'-^^l^^. 
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Hence, we finally obtain 

(3.16) l\(^dSr,^)\<CUU flogr^!;^ 
which proves the Theorem 13.31 D 

Observe that when the exhaustion is bounded the term logr on the right of 
p.l6p disappears. 

To analyze J{t) in a fashion similar to that of I{t) in equations (I2.17P to (|2.20p . 
we start, for < j < k, from 

(3.17) r,(r)= r^-^ds. 

Jo ^ 

Then 

(3.18) rrj(r)=t,(r). 

Since the denominator of Jj(r) is just Tj(r), we can write Jj(t), using p.lSp . as 
follows: 

If there is no subsequence r^ ^- oo such that Jj{ri) — > 0, then there is a c > such 
that Jj (r) > c for all r. We have therefore 

3.20 -f > - — ^, 

Tj c rtj_i 

which we integrate over the interval [ro, r] to obtain 



(3.21) logT,(s)];„ >- j 

C Jrn 



We get that Jj{re) -^ for some subsequence r^ ^ R ii 

1 r tA^) 



ds. 



(3.22) limsup - — — -- ■ / / , . ds = +oo, 

r<R log Tj(r) J^^ stj-i{s) 

provided, in the case that R < oo, that log Tj(r) > for some r G [0,i?]. Then, 
arguing as in the proof of corollary 12.51 we conclude the following corollary of 
Theorem 13.21 Note that the condition p. 221) can be interpreted as saying that the 
relative growth of i-^— is large enough. 

Corollary 3.4. // i3.22\) holds, then uj, (j), a satisfy dd^-MR. 

li R = -\-oo, we can draw some simple conclusions. If fc = dimX = 1, then 

f „ dd'^ log (7 

(3.23) .h{r) ^ '-^^'jr^- 
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If i? = +CX}, then Ti (r) > log r as r ^^ cxd. If , in addition, ct is a parabolic exhaustion 
oi X, so that cr is harmonie outside a compact subset of X, then by (|3.23p we get 
that any limit point 6*00 of Sr/cr is a dd'^-closed positive current. If dimy = 1 also, 
then this must be a positive constant times the current [Y] of integration on Y. 

As an illustration in a case where R < +00, consider X = B^ C C, and a — \z\. 
In this case, the condition that Vnnmir^R J{i') = is equivalent to 

(3.24) / (l-|z|)|0'(z)|2dA(z) = +oo, 



which can also be written as /g ti{s)ds = +00. This condition was considered in 
[5] in connection with the study of laminations. For domain B'^,fc arbitrary, one 
would need the condition 



lim 



1- !^,{ddnog\\z\\)^r{i^''-') 



Remark 3.5. These last results may be localized. For example, if 0„ : B*^ — > F is a 
sequence of holomorphic maps such that 



(3.25) i?(<^„) := 



/„Jdci-log||z||)A<(^'=-i) 



as n ^^ +00, then the corresponding currents have among their clusterpoints a 
dd'^-closed positive current of bidemension (A;, k) and mass 1. 

It is interesting to compare the criteria obtained here and in Theorem 13.21 Let 
(/) : A ^- F be a holomorphic map. By Theorem 13.21 we obtain a dd'^-closed current 
if 

J{r)=j (r-|C|)+|<^'(C)rdA(C)->+oo, 
while we get a d-closed current if 

/i^i^J0-(C)|^rfA(C) 

J(r)2 



0. 



The techniques developed in this section may be applied to study the intersection 
of the dd'^-closed and positive currents constructed in this section with hypersurfaces 
in Y . Let Z G Y he a hypersurface such that (^(X) is not contained in Z. Let [Z] 
denote the current of integration over the hypersurface, and {Z} the cohomology 
class of Z, of bidegree (1, 1). {T} denotes the cohomology class of bidegree {m — 
l,m — 1) determined by T of bidimension (1, 1). We use here that Y is compact 
and Kahler. The dd^-lemma on such varieties then gives the class {T} by duality. 

Theorem 3.6. Notation as above, we tiave 
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1.) if X is parabolic, then 

(3.26) ({T},{Z})>0. 

2. if (dd^ logcr)'^ = outside a compact set in X, and 

(3.27) lim ^^ = 0, 

then {{T},{Z}) > 0. 

Proof. We have the equation of currents 

(3.28) [Z]-a^ dd^U, 

where a is a smooth (1, l)-form representing the class {Z}, and where U can be 
assumed < on 1", and [/ o is not identically — oo. The pairing in the the- 
orem is given by ({T},{Z}) :— {T,a) — limi-^oo {Sri,ct) /c^- We now use the 
smoothings xs from the proof of Theorem l3.21 and set ug^re — Xsi^og ^). Note that 
U5,re -^ Uri. when 5 — J> 0, and we set {Ss,rnCi) = J^ us^ri{dd'^\og(j)''~^ A a. Thus, 
limi-^o+ {Ss.n^ct) = {Sri,ct) ■ This said, we proceed to analyze (5*5^^^, a): 

{Ss^n , a) = {Ss.rt ,a + dd^U) - {Ss,rt , dd^U) 
(3.29) 

> -{Ss^r^dd'^U). 

We have used here the obvious positivity inequality for the finite intersections 
(3.30) {Ss,r,,a + dd''U) = f U5,r, {ddnogaf-^ > 0, 

where (f)^^{Z) is counted with multiplicities. Now we use the fact that ug^n is 
compactly supported on X , and we integrate dd'^ by parts to get, as in the proof of 
Theorem [321 
(3.31) 

- (5a>, , dd-'U) = - {dd''Ss,re , U) 

= JB^^x's{dd^^ogafUo<j, 

--& kr«y<r+S} t^logc^ A d'^logcr A {dd'' \oga)^-^ Uocj) 

— -ll -I- ^2 ■ 

Now, I^^'^ > 0, because U <0, for any S,re. As for Ii'^'' , suppose first that X is 
parabolic. Then {dd'^ log a)'^ is compactly supported on X , and we get, since U o cj) 
is quasi-psh and hence locally integrable, 

{Sri,a)> [ {dd''\ogafUo<f)>-C, 
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where C is a positive constant, and then 

lim {Sri,a) /cri, > lim = 0, 

r-f— J-CX3 r^— >oo c^ 

since c,-, — > cxd, for X parabolic. 

In the second case in the theorem, one still has J -^{dd'^ log a)'^ U o (f> bounded 

and Cr^ — Ti{re) — > oo. 

D 

Remark 3.7. 1. When X = C or a finite branched cover of C, the previous result 
is due to McQuillan [IB] . It seems new even for the case X parabolic of dimension 

1. Note that, strictly speaking, McQuillan uses the average currents Sr in remark 
12.141 The proof works the same in either case. 

2. The result holds if we replace {Z} by the class of a closed and positive current 
R of bidimension (n — 1, n — 1), provided we can write 

R^a + dd^U, 

as above, where a is smooth, and [/ o is not identically — oo. 

3. If instead of a fixed map 0, we suppose we have a sequence of maps 0„ : A — !• y 
from the unit disk to Y . Assume that there are sequences ng, rg such that n^ — >■ oo, 
and ri -^ 1^, and such that 

lim ^4^1-4^0, 

and that U o (/)„^ does not converge to — oo uniformly. Then once again, any dd"^- 
closed cluster point T of Srt{4>m) I Cr({4>ni) will verify {T,a) > 0. This is because 
we still have J ^{dd'^ log a)'' U o 0„^ bounded. 

4. If the hypersurface Z is an ample divisor on Y, then we get ({T}, {Z}) = 
(T, a) > 0, because we can take a to be a kahler form on Y, and then (T, a) is just 
the mass of T with respect to the Kaehler metric underlying a. Similarly, if {Z} 
is represented by a form a which is only non-negative, then ({T}, {Z}) > 0, with 
equality if and only if the support of T is contained in the zero locus of a. It would 
be interesting to know if there were other examples of geometric conclusions one 
could draw from the condition (T, a) = 0. 

4. Effect of scaling on the limits 

In this section we want to change scales slightly when we compare the various 
volume measures we have discussed up to now. We will apply them to sequences of 
holomorphic maps (pn with X and t fixed, using dd'^-closed limits in all intermediate 
dimensions. To this end, set Sj^n,ri^) = Jg log^ ^(dd'^ log cr)'^^^ A (/)*('(/'), where tp 
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is a test form on Y of bidegree (j, j), and set Cj,„,r = Sj^n,r{^^)- Finally, set 
*,((/.„, r)= / {dd- log af-^ A ^liio^), 

J Br 

r ds 

Tji(t>„,r) = / tj{<pn,r) — , 
Jo ^ 

and 

Consider the condition that for some constant c > 1, we have that 

(4.1) liminf %ii%4=0. 

Note that this is similar to the condition in the hypotheses of corollary 17.21 below, 
except that here we are assuming that even a fixed fraction of the tj will dominate 
tj_i, and considering a sequence of maps. 

Theorem 4.1. If condition (RTTp is verified, then there is a dd'^ -closed positive cluster 
current of mass 1 for the family {Sj^n,r/ Cj^n,r\- 

Proof. We estimate Jj{(j)n,r) directly. 

Lidd'^loga^-^+'Arnio^^-') 



Jj\H>m '' 



(4.2) 



< 



< 



/^^log+^(dd-loga)'=-^A0*(u;'=) 
S^^{dd^\ogcjf-^+^ Act^ljuj^-^) 
/b./. log^ ^ {dd-\ogaY-^ A 4>*^{lo^) 

J^^{dd^loga)'^-^+'Arni^^-') 

_ 1 tj-i(0n,r) 

logc tj{(f)n,r/c)' 

By (|4.ip and the proof of Theorem l3.2[ we get subsequences such that the <S'j>,r/cj>,r 
converge to a dd'^-closed, positive current. D 

Theorem 4.2. Let (f)n '■ IB'^(l) -^ Y he a sequence of holomorphic maps. Then 
either for some j,l < j < k there is a positive, dd'^-closed current T which is a 
cluster point of Sj^n^r/cj^n,r, or a subsequence of any sequence of graphs of the 4>n 
is convergent in the Hausdorff metric over any compact set in 8*^(1). 

Proof. Suppose that, for 1 < j < k, there are no such cluster currents. Then for 
any j and for n >> 0, and arbitrary r < 1, by Theorem 14.11 and (|4.ip . we have for 



LIMIT CURRENTS 21 



each such j and any constant c > 1, but close to 1, 



(4.3) / (drfV)'=-^"+i A Ki^'-') > c, / (dd^r)''-^ A C(^^'), 

for j = 1, . . . , fc, where the constant Cj depends on the c chosen. Telescoping gives, 
for every r < 1 < c and each j = 1, . . . , fc, independently of j and n >> 0, a 
constant C ~ C{c) > such that 

(4.4) f (ddWf-^ A (t)*^{uj^) < C, 

J B , u 

from which it follows that the volume of the graphs of (j)n over any fixed B^i^k have 
a volume bound in Bj.i^k x F , independent of n. By Bishop's theorem, subsequences 
of the graphs then converge in the Hausdorff topology over any compact set K <ZC 
8*^(1). By adjusting c, this convergence occurs over each compact set in B'^(l). 

D 



5. Applications to value distribution 

In this section we would like to apply some of the results above to classical value 
distribution. Some of the concepts above have clearly been motivated by this, 
and we start by recalling some of the classical definitions and results to make this 
explicit. We have tj{s) = jg^idd^rf-'^ A 0*(a;J), and Tj{r) = Jg tj{s) i^, as in 
definition 11.11 above . Tj{r) is the characteristic function of order j. The classical 
case is when a; is the Chern form of an ample line bundle on a projective manifold 
Y. Recall the averaged counting function 

(5.1) N^iD,r)^ f-( {ddWf-':= f '^n^{D,s). 

Jo ^ JEsCxp-'^iD) Jo ^ 

The First Main Theorem of value distribution for a hypersurface D says that 

(5.2) N^{D, r) + m^D, r) = Ti(r) + 0(1), 
where the proximity function is given by 

(5.3) m^{D, r) = / log J%dV A (ddV)'=-i > 0. 

JdB, \C ° -^l 

Here ^ is a section of L = L{D) on Y such that C~^(0) = -D, \(\ is a point-wise 
norm for sections of L on F, and \\(\\ is a corresponding global norm on the space 
of global sections of the line bundle L, say by integrating the point- wise norm \(\. 
By dO]), the FMT says 

^0(r)<T^,i(r) 4-0(1). 
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For simplicity and explicitness, let us first consider more closely the case of 
hyperplanes D in P™ = P(C™+i). So we let a e P™ = P(C™+i), tlie dual projective 
space, and recall the Poincare-Lelong formula of currents 

(5.4) dd^\ogf^^=u:-[Da], 

where uj is the Fubini-Study form, the first Chern form of L = L{Da). 
Now suppose we can choose a probability measure v on P™ such that 

(5.5) U,{z) := / log MM dv{a) < C < +oo. 

Such measures can be supported on very small sets, for example, any set of positive 
Lebesgue measure on a real analytic arc in P™ not contained in a hyperplane, or 
supported on any non-pluripolar set, cf. [T7]. 

Given such a measure v, we can state a precise theorem in this context. (The 
definition of positive capacity is reviewed below, in ()5.15p ) 

Theorem 5.1. Let (j) be a holomorphic map (j) : X ^ P™. Let £ be a set of hyper- 
planes Da C P™ of positive capacity with respect to the kernel K{z,a) — log \V^ V} . 
Then 

(5.6) 11-/ ^^^^dHa)\<C\m ^°« 



Ti(r) ' ''- " ''"°°ri(r)- 
Proof. Consider the bounded function U„ of equation 15.51 We get 

JJC_Sj^ TT \ _ I Sr fJd'^JI 

Ti(r)' ''/ ~ \Ti(r)' " 

(5.7) 

= 1 - itV) /p'-i/s.n^-H^.) l°g^ f\ {dd^rf-^}d^{a) 

= 1 - itV) /o'' f /p" '^(^a , s) di/(a) . 



Since Up is bounded, by Theorem 13.21 we get 



^c ^. .. \ , / ^n.. n ^o(0 



(5.8) l\^'^'j^'^7l^^ll^''ll-Ti(r) 

and by (|5.7I) . we get 

io(0 



(5.9) n-^f^r- 



n{Da,s)dv{a) 



Ti{r) 
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which was to be proved. D 

In the case that we can guarantee the existence of a dd'^-closed ckister point of 
Sr/cr, namely, hminfr_>.fl: YJri ~ ^' ^^ S^* ^'^^^ ^^^ ^^^^ hand side of (|5.9p goes to 
along a subsequence re -^ R^ , and hence, 

(5.10) lim ■^" " ^■'^ ; ' ' ^^ = lim ^-^ — ^ ' ' ^— = 1. 

t^oo Ti[ri) j^oo Ti[r£) 

Thus, we have that 

(5.11) hmsup = 1, 

for i^-almost every point a in the support of ly. Thus the exceptional set of a for 
which (|5.1ip does not hold must be a set £ of capacity for the kernels K{z, a) — 
log jP^^, that is, £ does not carry a probability measure /i for which C/,y in (I5.5P 
is bounded. In particular, as already noted, a non-pluripolar set E is too large to 
be exceptional in this sense, cf. [T7] . 

Now let us consider defect relations such as (|5.1ip for dimensions other than 
fc — 1, i.e., for D of dimension other than to — 1. The cases different from D a 
divisor are all formally similar, and not as precise as the case of divisors D above. 
The most interesting is the case of points, i.e., where we consider a non-degenerate 
holomorphic map cj) : X -^ P™,m > k = dimX, and we let Da C P™ be a 
linear subspace of dimDf, = m ~ k, where a is parametrized by the Grassmannian 
Gr := Gr{m + 1, m — fc + 1). We will consider this case in what follows. 

We consider a potential Ua, i.e., a [k — l,k — l)-form on P™ with integrable 
coefRcients, satisfying the following analogue of the Poincare-Lelong formula 

(5.12) dd^f/, =w^--[i^J, 

where we take uj to be the normalized Fubini-Study class which gives an integral 
generator of i?^(P™,Z). We can choose C/a > 0, and is obtained as 

(5.13) Ua = {Da{C),K(zX)), 

where the singularity of the kernel can be bounded by | log |z — C|| • |z — ^|-2fc+2^ 
see Dinh-Sibony [7 for a detailed estimate of the kernel. We introduce a capacity 
Cfc on Gr as follows. For a probability measure v on Gr, set 

(5.14) U,{z)^ f Ua{z)dv{a). 

JGr 

Define sup Uu{z),z S P™, as the infimum of all C > such that Uy{z) < Clu'^^^{z), 
and let ||f/i/||oo = sup^gpm svi\iUi,{z). Let 

1 



(5.15) G{A) = sup 

veM{A) \\\Uv\ 
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where Ai{A) is the space of probabihty measures supported on A C P™. It turns 
out that C{A) > if and only if there is a probabihty measure ly on A such that 
Uu{z) < 2C{A), for every z G P™, independently of z, see [7]. For example, if 
TO = fc, it is enough that 

I log |z- all , . ^ r< 

so, if the Hausdorff dimension of A is strictly larger than 2fc — 2, one can construct 
such a measure, and C{A) > 0. See [5]- 
If we define, similar to the classical case, 

(5.16) N{Da,r) ^ r - f r\[Da]) ^ f uAz), 

Jo ^ JBs JB^n<p-^(Da) 

and 

(5.17) SiD.,r) = l ^^^-^^ 



Tk{r) 



and finally the defect 



(5.18) ,5(D,)=limsup J(i?„,r), 



then we have the following analogue of theorem 15.11 

Theorem 5.2. Let : X — > P™ be as above. Let v be a probability measure on Gr 
such that Ui, :— J^^ Ua dv{a) has bounded coefficients, \\Ui,\\oo < C < oo, then 

(5.19) / \S{Da,r)\di.{a)<C'\\U,\\J4-^. 
Jgt Tk{r) 

In particular, 5[Da) = 0, for u-a.e. a, i/ limsup ^^jj- ''j^\l = 0, and 

(5.20) r,(^{a\5{D,,r)>e})<-^-^. 

e Tk{r) 

Proof. We have 
Thus 

1 - ^^^;^ = -K^-^') - {Sr, [Da])] = - {dd^Sr,Ua) . 
Tkir) Cr ' ' Cr 

We integrate this last relation with respect to i^ and get 

L N(a,r)diy(a) 1 , 
J-k(r) Cr 

Using Theorem 13. 2[ we get the defect estimate 

(5.21) / \i^a,r)\dv{a)<C\\UA\J^^^^. 
Jgt Tk{r) 
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which proves all the claims of the theorem. D 

Remark 5.3. 1. When k = m, we get in particular that if hminf r^R- 'rir) ~ ^^ 
then the map 4> omits a set of Hausdorff measure < 2fc — 2 + e, for any e > 0. 

2. Instead of a fixed map, we can consider a sequence of maps 0„ : X — >■ P™ of 
holomorphic, non-degenerate maps. If 

,. ife-i(0„,,r^) 

i™ ~^F72 r = ^' 

c^oo lk((Pni,re) 

cf. the similar comment in remark [3.71 part 3., for the notation. Then we get an 
estimate 

Gr J-k{rp,) 

3. The potentials Uv in (|5.5p and (j5.14p play the role here of the proximity function 
in the classical theory. One might refer to them as proximity potentials. 

We close this section with a corollary on the behavior of holomorphic foliations 
by Riemann surfaces. 

Corollary 5.4. Let J- he a holomorphic foliation of P™ by Riemann surfaces with 
finitely many singularities. Assume that all singularities are hyperbolic, and that 
there are no algebraic (compact) leaves. Fix a leaf L. There is a pluripolar set £l C 
P™ such that for a ^ £l the corresponding hyperplane Da intersects L infinitely 
many times with the estimate given by Theorem \5.Si 

Proof. The assumptions imply that all leaves are uniformized by the unit disk A 
[9] . It is further shown in [9] that if : A ^> L is the universal covering, then 

(l~|z|)|(/.'(z)|2dA(z) = +oo, 

A 

where A is Lebesgue measure on A. Thus, for the map and exhaustion of A given 
by |zp, we have 

r^i- li{r) 
and we can apply Theorem 15.21 

D 

6. Equidistribution results in higher dimensions 

In this section we would like to consider some equidistribution results for maps 
(f) : X ^ Y, where dimy ~ m > k — dimX. For example, we might have a 
birational map / : F ^ Y, and (f) : C" — > Y parametrizes some stable manifold 
associated with /, e.g., the stable manifold of a periodic point of /, or a Pesin 
stable manifold {cf. [H^, for example). 
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We give a specific example from dynamics. Let / : C™ — ;> C™ be a polynomial 
automorphism, and denote also by / its extension P™ •••—!> P™ as a birational 
map. Let I± be the indeterminacy sets of f,f^^, respectively, in the hyperplane at 
infinity of P™. One calls / regular if /+ n /_ — (f>, in which case we have an integer 
p such that dim /+ = rn — p — 1 , and dim /_ = p — 1. Let 

K+ = {z e C™ I {r{z)\n e N}is bounded C C™}. 
Then K+ is closed in C", and K+ C P" = i^+ U /+. Furthermore, if deg/ = 
(i+,deg/^^ — (i_, then d^ = dS^ ■ Finally, define 

(6.1) T+ = lim^^. 

Then we recall from [6] the following theorem. 

Theorem 6.1. (Dinh-Sibony) T^ is the unique closed positive current of bidimension 
(p,p) and mass 1 supported on K^. 

Note also the following corollary of theorem 16.11 from [B] . 

Corollary 6.2. (Dinh-Sibony) If p = m-1, and (j) : X ^ K+ C P™, with X a 
parabolic Riemann surface (k ~ I), then the image of X is dense in Kj^. In fact, 
all the closed cluster currents {Si^r/ci,r) of Corollarv \2.6\ coincide with T™^ . 

In particular the automorphism / can have an attractive fixed point zq G C™. 
The domain of attraction U{zo) is then biholomorpic to C™ and is contained in K+. 
It is called a Fatou-Bieberbach domain. Clearly it is not dense in C™. Moreover 
it follows from the previous results that any positive closed current of bidimension 
(1,1) constructed as in this paper using images of a parabolic manifold X, by any 
holomorphic map </) : X — > K+ d Y = P™ in any dimension 1 < fc < ?ti by taking 
limit points of the currents Si,r/Sij-{io) will be equal to a multiple of T^. That is, 
for all such (t),X, one has Ci(0) = {T^} (c/., definition ElS]) . 

7. Examples: growth conditions 

We give here some simple examples of the theorems above, compared both to 
the usual growth conditions of the theory of entire functions. Let us first fix the 
terminology. 

Definition 7.1. The map i/i is of exponential growth (or of finite order) if 

tk{r) < r"*, some d, as r -^ +oo. 
Here we use the unaveraged order function tk{r) for the dd'^ case, 
tj{r)^ [ {dd" logaf-^ A (j)*{uji) 

J Br- 
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in the case j = k, cf. p.ip and following. For convenience let us define 'Hk{4') = 
{dd^-closed limit currents of Sr/cr}. 

Theorem 7.2. Suppose (j) of exponential growth, and 

tk{r) 
tk-i{r) 

as r ^ +00. Then T-ik{(j)) is non-empty. 

Proof. Under these hypotheses, Tfe(r) = Jo ^^k{s)^ < r''-, and hence logrfc(r) < 
d log r. In this case, then, we can say 

1 f tkis) ds ^ 1 f' tkis) ds 



logTfe(r) J^g tk^i{s) s "" dlogr J^^^ tfe-i(s) s 
as r — > +00. Taking note of corollary 13.41 this proves the theorem. D 

Another example is given by another, slower order of growth. 
Theorem 7.3. Iftk{t) < {\ogt)P, and 

(7.1) J^>^^, ;3<l,0<c, 

tk-i(r) [\ogt)P 

then 'Hk{4') *s non-empty. 

Proof. Under these hypotheses, we have 

logTfe(r) < (p+l)loglogr. 
Integrating (|7.ip against — , we get 

Jrotk-lis) S -V.„ (logs)^ S 1-/?^°^ ^ 

Diving both sides by log Tfc(r), we see that as r ^ +oo, we get 

,. 1 r tkjs) ds ^ c (logr)i-/^ ^ , 

lim -— / > — -— ; > +CX3, 



r^+.^logTkir) J^^ tk-i{s) s '^ {I - I3){p -\- I) loglogr 
i.e., condition (|3.22l) . By corollarv l3.4[ we conclude 'Hk{4') is non-empty. D 
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